inhibiting convection at higher temperature gradients the magnetic field has also lessened the amount of heat being transferred at these temperatures.
This suggests that it would be of interest to investigate in detail the manner in which a magnetic field can control the heat-transfer rate in situations involving convection of electrically conducting fluids. It is the purpose of this paper to record such an investigation for an example in which the convective flow is restricted to being laminar.
In selecting the actual geometric configuration to analyze, one must be careful to choose one for which the complex equations of magnetohydrodynamics can be reduced to manageable proportions while still capable of giving informative results. Such a configuration, the one selected here, is that of a single vertical convective cell within block of conducting solid.
In section l the general set of equations of magnetohydrodynamics describing the problem is stated and reduced to a smaller set of six simplified nondimensional equations. In sections 2 and 3, these equations are This flow then interacts with the magnetic field, lio• to produce an electric current throughout the solid and Hquid. The thermally caused body force will thus be balanced by the :resulting ponderrnotive force resisting the flow as well as by the viscous drag.
It is s.een that if a/ A << l and. the channel is centrally placed in the block, then the curvature of ~he torus and the corner areas of the block will have negligible effect on the electric and thermal behavior of the flow.
4A
4A j ' if' , GRAVITY
MU-22700
Fig. 1. Physical configuration.
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A mo:re formal development would include a perturbation. series in the parameter a/ A, and the important contributions (those independent of a/ A) would be the ones arising from the formulation used here, Under these assumptions, the configuration .can be r·eplaced by the one shown in Fig. 2 , in which an infinitely long metallic cylinder, radius A, has fluid flowing through it inside a concentric cylindrical channel o£ radius a. The gra.vim· tational field will be 1 .L , normal to the z direction, plus a component which will be in the z direction and equal to -g sin(z/ A) ~ ; the tempe:r·-1 ature at the outer surface of the solid w:ii.ll be T 1
and. the magnetic field in the fluid. will be in. ihe negative x .direction and . . 
where X. is the volume coefficient of thermal expansion;
Maxwell 1 s equations:
(4)
{8)
whez:e E is the electric field intensity, e the dielectric constant, and pe the electric charge density, convection current being neglected; Ohm 1 slaw:
,.,.,.
-~-where a is ihe electrical conductivity; and Electrical continuity equation:
which results from combining the first and last of Maxwell 1 s equations.
Rational mks units are used throughout.
This system of equations must be solved subject to the boundary Solutions to these equations will be sought for the condition of laminar flow in which the only nonvanishing fluid velocity component is in the z direction,i.e., along the length of the channel. Equation (2) then implies that the velocity is independent of z, and hence the resulting induced magnetic field will also be independent of z. This. allows V to be written as V = V(r, <j>) E , and !:_! to be written as the sum of the applied constant field -t!o and an induced variable field, ~ (r, <j>). Placing these forms into the curl of (9) and substituting into it (6), (7), and the curl of Similarly, upon substitution of (4) and (5) into {1), its z component becomes
In (11) and Eq. (12) the Laplacian is, of course, only .two-dimensional.
The z dependence of the Laplacian of (3) can also be removed by assigning to T, in accordance with its periodic boundary conditions at r = A, a periodic dependence on z in the form T(r.<j>,z) = T 1 + GGe<T*(r, <j>) eiz/ ~. where T*(r, <j>) is a complex variable and the real part of T * (r, <j>)eiz/ A is the function of interest. Then (3) becomes
where the Laplacian is now two-dimensional.
~14-

UCRL~9574
The complex form of T may be substituted into (12), and upon
. integration over one period in z from 0 to 2nA, the equation becomes
The third term of (12) can be calculated directly from (5) (9) and (8) respectively, for each of the two regions.
At this point it will be convenient to place the problem in dimensionless form by means of the following substitutions:
* . 
= <a 1 / a 2 > ';;)
In (16) the term {a/ A) 2 t has been omitted since it is negligible. It must be retained in , (21) since the independent variable is allowed to become as ·-large as A/a. Pe' is set equal to zero in (25) by using (24) and (10). The
Laplacian refers to the dimensionless independent variables and is twodimensional.
The boundary conditions for the dimensionless variables will be:
(a) at s = 0: v, t, and h are finite; (c) at~= A/a: h= 0 and t= 1-sin<j>.
-16-
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2 Solution of Energy. Equation
Equations (16) and (21) will now be solved to give an expression for t in terms of the parameter (3. This will determine how the temperature (and hence the heat transfer) depends upon the average velocity of the fluid.
Because of the nonlinearity of (16) However, because of the boundary condition ( 27) on t, only terms independent of cp . and those proportional to sin cp will have nonzero coefficients.
The solution for the temperature in the exterior region as determined by (21) subject to the boundary condition (27) is thus
. It is necessary to denote that the derivative is evaluated on the exterior side of ~ = l, since it need not be continuous across this boundary.
Using this form for the exterior temperature and applying the boundary conditions (26) and (27) to the solution of Eq. (28), one obtains for the interior temperature
and is the complex function tabulated in Table XXI of Jahnke and Emde [ 4}.
The value of B is also obtained, and by substitution into (29) one obtains for the exterior temperature
The general dependence of these temperature distributions on the parameter ~ may be described as follows: When ~=0 the fluid is not moving and heat is transferred only by conduction. The temperature distribution is purely real so that it is everywhere in phase with the boundary temperature in the z direction, and the temperature distribution inside the channel is merely t = C, a constant.
As ~ increases from zero, t becomes complex and the maximum temperature for a given £ will no longer occur at z = 0 where the maximum 
where Nu = Q/4Ak. 2 T 0 (Nusselt number) and Wr and Wi are r~spectively the real and imaginary parts of W{l3).
The first term of (32) gives the rate, unity, at which heat is trans£erred purely by conduction and the second term, {Nu) , the additional cv,. If 13 < 1, the difference between these two expressions depends only on the size of a; as a increases from 2 to 4, the error decreases from 4 percent to 2 percent and is less than 2 percent for a > 4. As 13 becomes larger an additional error is introduced depending only on the size of 13;
as 13 increases from 2 to 4, the additional error increases from 1 percent to 4. 5 percent. For 13 > 5 and a < 1, the errors are no longer independent and become larger quite rapidly.
The lower limit on a and the upper limit on 13 which accuracy place are quite adequate to cover most of the regions of interest. For example, for a/ A < 0.1 the Reynolds number for liquid sodium will exceed the critical value for transition to turbulent flow in the absence of a magnetic field for 13 greater than unity. Also, for a/A <0.1, a cannot be less than 2 or 3 or else unreasonably large velocities would be required to achieve a sizable convective heat transfer, velocities so large as to again make turbulent flow likely.
However, in the case. where a large magnetic field is applied, the fluid is. stabilized [ 5, 6] so that laminar flow can be expected to extend to higher velocities and hence higher values of 13. This means that solutions
for larger values of 13 and smaller values of a would be desirable under this condition. Fortunately, the velocity profile in a large magnetic field will be found to be nearly uniform, so that in .this case it will be allowable to extend the solution to somewhat larger values of 13
and smaller values of a. ·because the erorrs so introduced will be smaller than those estimated for the paraboloid of revolution profile. where ti is the imagina.ry part of t. Subs ti tutin g (30) for t., the l solution for v subject to the boundary conditions (26) and (27) is obtained as
Because only those values of l3 for which laminar flow can be anticipated are to be considered, the distribution given by (33) can be approximated by a simpler form. Assuming that the Reynolds number V a/v must be less than 1600, one sees that the maximum permissible av value of l3 for liquid sodium will be less than unity for a/ A <0. L Under this condition, the Bessel Function J 0
1 / 2 £} can be closely approximated by l + { il3£ 2 so that the velocity distribution reduces to a paraboloid of revolution.
~23-
UCRL-9574
By taking the average of the velocity distribution and setting it equal to unity, as required by the definition of v, the relationship between !3 and the other parameters can be derived. Integrating Eq. (33) over the cross-sectional area gives 
The parameter relationship to first order in M 1 2 can be found by
For values of i3 less than unity this expression can be approximated by
The last relati~mship shows that the magnetic field decreases the average speed of flow for a given temperature gradient. In doing so it also raises the critical point at which convection just begins. The amount by which this critical point is raised depends not only on the Hartmann number of the fluid but on the conductivity of the surrounding metaLas well. This paper is concerned mainly with heat-transfer phenomena, and detailed expressions for the remaining electromagnetic quantities, which can be found by direct substitution of v and h into (18) through (20) and (23) and (24), will not be given. 3
Large Magnetic Field
In the case in which the applied magnetic field is large and M 1 >> 1, the entire character of the flow changes. For the small magnetic field, the velocity distribution v was determined mainly by the viscous drag, and the electric current merely assumed the form determined by this distribution.
In the case of a large magnetic field, however, the opposite is true. The velocity distribution is determined mainly by the pondermotive force which the electric current produces, and ~he viscous drag acts merely as the means by which the distribution adjusts to the boundary conditions.
The equations governing the flow a:re (15) and (17) along with the boundary conditions (26) and (27). Of course, the exterior magnetic field solution is still given by (36). Equation (15) is of a type which can be solved by using a boundary layer approximation [ 7] . Because M 1 2 is large, it is assumed that a core region exists covering the major part of the fluid in.
? which the magnitude of the 'V'"'v term is, by comparison, negligibly small.
A thin boundary-layer region is. in addition, assumed to exist along the boundary in which the v 2 v term becomes of comparable magnitude to· the other terms as the velocity changes rapidly from its value in the core to its value of zero at the boundary.
In boundary~layer analysis the boundary-layer thickness is assum_ed.
inversely proportional to a power of the large parameter. and the exponent is adjusted so that the magnitude of the viscous term is the same as that of the other dominant terms. Let as it is in the remainder of the channel.
The solution for v near <1> = ~ n will be similar to that for the rest of the region but will contain a more involved function than an exponential.
This function can be found by substitution of the functional form which Shercliff [ 8] used for the boundary layer in the end regions of a rectangular channel. By letting
for f r< 2 n-<j>) J the partial differential equation becomes an ordinary one and the desired exponential-type solution can be derived. However, since the region near <1> = ~ n where this solution holds is very small, the effect of this region on the average velocity will be small and it will not be necessary to actually solve for the velocity distribution. In fact to derive the core velocity, the boundary-layer velocity will be taken to be that given by (44) as if it held over the entire range of <j>. The same is true for the induced.
magnetic field and (45).
In the core region (15) simplifies to
{46)
This equation will determine h , and v can then be found by applying the c c boundary conditions on the total solution for h at s = 1 and by solving ( 1 7) in the core region, where it remains unchanged. It would be rather complex to solve for h using the general expression for t. as given by (30), so the c The small third harmonic must be kept to give the correct value for the electric current, which depends on the derivatives of h.
Substituting this solution for h into (45), and matching the resulting c expression for h at s = l with the exterior magnetic field as given by (36) according to the boundary conditions (27) 
Although explicit expressions will not be given for the remaining electromagnetic quantities, 3 it will be of interest to describe briefly their general behavior, since they affect the fluid velocity distribution so strongly.
The induced magnetic field does not exhibit rapid changes in the boundary layer, whereas the <1> component of electric current, radial component of electric field, and electric charge density do. In the core region the electric current is nearly uniform and in the negative y direction, whereas the electric field is nearly uniform and in the positive y direction. In fact the magnitude of the electric current is approximately that which the electric field ~ would produce, but it is oppositely directed. This arises from the fact that the induced electric field f.L VxH is in the opposite direction to the --electric field E and about twice as large as the electric field itself.
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Shercliff L 9] has investigated forced flow through a channel of circular cross section in a transverse magnetic field for thin conducting walls. and for large Hartmann numbers he found a uniform electric current in the core region. The electric current in the present problem was found to depart somewhat from uniformity, however, largely because the channel walls
were not thin and to a lesser extent because the flow was driven by natural convection.
Final Solution
The mathematical details of solving the equations presented in section .. 1 have now been completed. In section 2 the solution was found for the temperature distribution and total heat transfer in terms of the parameter.
13. In section 3 the relationship between 13 and the given paramete.rs was determined and solutions we:~:·e indicated for the :r·emaining v.ariables. It is now necessary on.ly to express the total heat t:ranafer in terms of the given parameters using the relation.ship found in section 3 to have in explicit form the solution to the problem. A numerical example can then be worked out to determine the typical magnitudes of the various quantities.
The parametric relationships for 13 <J are given by (40) for M < <J and (48) for M > > 1. Comparison between these relationships r r
shows that the applied magnetic field increases the critical temperature gradient at which convection first takes place. In addition~ it causes the velocity of the fluid to increas.e more slowly as the temperature gradient is increased. These effects will lessen the amount of heat transferred by convection as .the magnetic field is increased.
The .expression for the total heat transfer in each case may be found This study has shown that for the given example of a narrow toroidal channel of conducting liquid inside a metallic block, even a moderate applied magnetic field has a large effect in stabilizing the liquid against convection.
Reference to (32) shows that the heat transferred by convection can affect the total heat transfer by at most 30 or 40 percent. One might increase the number or size of convective channels in the block to provide greater control by the magnetic field. Of course. the more fluid there is insid~, the block, the more difficult it is to predict its .exact mode of instability, and having a large body of fluid would not necessarily increase the amount of convective heat transfer, because .of the cellular flow patterns which would develop.
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In the present example no allowance was made for other types of instability than that of a single convective cell. That is, it was assumed that in the region of interest, the fluid would flow only in the prescribed pattern when it was gravitationally unstable. This appears to be quite a .resonable assumption, at least at the lower temperatures, and can most easily be verified by experiment.
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